We prove that θ * as previously defined [Int. J. Contemp. Math. Sci. 5 (2010) 721] is the smallest equivalence relation such that the quotient structure R/θ * is a commutative fundamental ring. We also investigate some properties with respect to the commutative fundamental relation θ * on a hyperring R.
Introduction
The theory of algebraic hyperstructures (or hypersystems) is a well-established branch of classical algebraic theory. Hyperstructure theory was first proposed in 1934 by Marty, who defined hypergroups and began to investigate their properties with applications to groups, rational fractions and algebraic functions [11] . It was later observed that the theory of hyperstructures has many applications in both pure and applied sciences; for example, semi-hypergroups are the simplest algebraic hyperstructures that possess the properties of closure and associativity. The theory of hyperstructures has been widely reviewed [3, 4, 6, 15] .
The fundamental relations are one of the most important and interesting concepts in algebraic hyperstructures that ordinary algebraic structures are derived from algebraic hyperstructures by them. The fundamental relations β * and γ * on hypergroups were defined by Koskas [10] (and studied by Corsini [3] and Vougiouklis [13] ) and Freni [9] , respectively. The fundamental relations on hyperrings have also been studied by Vougiouklis and Spartalis [12, 15, 14] and others [2, 5, 7, 8] .
We previously introduced a new strongly regular equivalence relation, θ * , on hyperrings [2] as a generalization of the relation defined by Freni [9] .
In this paper, continuing our previous work [2] , we show that the relation θ * is the smallest strongly regular equivalence relation on a hyperring R and that the quotient R/θ * is a commutative fundamental ring. Moreover, we introduce the projection homomorphism with respect to θ * and prove important properties of the quotient structure from this.
Preliminaries
A hyperstructure is a nonempty set H together with a mapping ''•'': H × H −→ P * (H), where P * (H) is the set of all nonempty subsets of H. A hypergroup is a hyperstructure (H, •) that satisfies two axioms:
Let (H, •) be a hypergroup and let K be a nonempty subset of H. Then K is a subhypergroup of H if (K , •) itself is a hypergroup. Hence, it is clear that a subset K of H is a subhypergroup if and only if a • K = K = K • a for all a ∈ K .
Definition 2.2.
A hyperring is an algebraic structure (R, +, ·) that satisfies the following axioms: 
). R is called strongly regular if it is strongly regular on the right and on the left. The concept of a regular relation is defined similarly.
Theorem 2.7 ([3]). Let (H, •) be a semi-hypergroup and let R be an equivalence relation on H.
(1) If R is regular, then (H/R, ⊗) is a semi-hypergroup, where ⊗ is defined by
(2) If R is strongly regular, then (H/R, ⊗) is a semigroup. Furthermore, if H is a hypergroup, then (H/R, ⊗) is a group.
Definition 2.8 ([2] ). Let (R, +, ·) be a hyperring. We define the relation θ on R as follows:
and for all n ≥ 2 and for every x, y ∈ R,
is the set of all polynomials in the n-variables z 1 , . . . , z n with coefficients in N. Since θ n is reflexive and symmetric for every n ≥ 1, then the relation θ =  n≥1 θ n is reflexive and symmetric. Let θ * be the transitive closure of θ. It is easy to verify that
). If (R, +, ·) is a hyperring, then θ * is a strongly regular equivalence relation and the quotient structure (R/θ * , ⊕, ⊙) is a commutative ring such that ''⊕'' and ''⊙'' for all x, y, z ∈ R are defined by
Moreover, if R has an identity, then so has R/θ * .
We have previously studied the above theorem and other properties of the relation θ [2] .
Fundamentality of θ *
In this section we prove that θ * is the smallest strongly regular equivalence such that the quotient R/θ * is a commutative ring. Furthermore, we study some properties of the fundamental relation on a hyperring R by the relation θ * .
Theorem 3.1. Let (R, +, ·) be a hyperring. Then the relation θ * is the smallest strongly regular equivalence.
Proof. From Theorem 2.9 we know that θ * is a strongly regular equivalence on R and the quotient R/θ * is a commutative ring. Hence, we show that θ * is the smallest equivalence. Let ρ be a strongly regular relation on R. It is clear that θ 1 ⊆ ρ. By induction, we suppose that θ k ⊆ ρ for all k < n. We prove that θ n ⊆ ρ.
Therefore, a 1 θ k b 1 and a 2 θ n−k b 2 . By induction, suppose we have a 1 ρb 1 and a 2 ρb 2 ; then (a 1 + a 2 ) ρ (b 1 + b 2 ). By Definition 2.6, we have aρb and so θ n ⊆ ρ. Let R be a hyperring. We denote by γ and γ + the following binary relations:
We call γ * and γ * + the transitive closures of γ and γ + , respectively. The equivalence relation γ * on semi-hypergroups and hypergroups was first studied by Freni [9] .
For all a ∈ R, we denote the equivalence classes of ''a'' by γ * (a) and γ * + (a). We then consider the following condition:
From the above the expression we have the following theorem. We denote the kernel of ϕ θ by 
is a functor. Furthermore, if hR 1 g and CR 1 g denote the category of hyperrings with identity and commutative rings with identity, respectively, then φ is also a functor from hR 1 g to CR 1 g [1] .
Proof. For all a ∈ r · x such that r ∈ R and x ∈ ω * θ , we have and from x ′ + y ⊆ ω * θ we obtain y ∈ x + ω * θ . Therefore, ω * θ ⊆ x + ω * θ , and thus ω * θ is a subhypergroup of (R, +). By Lemma 3.7, the proof is complete.
Let (R, +, ·) be a hyperring. Consider the relation γ * defined on the semi-hypergroup (R, ·). Therefore, an additive hyperring (R/γ * , ⊎, ⊙) can be constructed such that the hyperoperation ''⊎'' and the operation ''⊙'' are defined as follows:
According to the expressions above, we have the following theorem. 
γ * (z σ (i) ) and γ * ⊎ is a transitive closure of γ ⊎ . Consider the projection homomorphism ψ : R −→ (R/γ * )/γ * ⊎ defined by ψ(a) = γ * ⊎ (γ * (a)) for all a ∈ R. We denote the equivalence relation associated with ψ by ρ. That is,
In fact, ρ = kerψ . Since ψ is an epimorphism, we have R/ρ = R/kerψ ∼ = (R/γ * )/γ * ⊎ . We know that (R/γ * )/γ * ⊎ is a commutative ring, and then R/ρ is a commutative ring. By Remark 3.2,
Therefore, for every finite set {γ * (x i ) | i = 1, . . . , n} of elements of R/γ * and for
γ * (x σ (i) ) j  for some (x 1 , . . . , x n ) ∈ R n and σ ∈ S n . Then there exist
, and then zθ a. Hence, if γ * (z)γ * ⊎ γ * (a), then there exist γ * (z) = γ * (z 1 ), . . . , γ * (z n ) = γ * (a) ∈ R/γ * such that
and therefore ρ ⊆ θ * . Then θ * = ρ and so R/θ * ∼ = (R/γ * )/γ * ⊎ . 
Corollary 3.11. Let R 1 and R 2 be hyperrings and let θ * R 1 , θ * R 2 and θ * R 1 ×R 2 be the relations with respect to θ * on R 1 , R 2 and R 1 × R 2 , respectively. Then
Proof. Let aθ * R 1 c. Then
Therefore, by Lemma 3.10 we have 
Proof. Consider the mapping h :
By Corollary 3.11, we have aθ * R 1 c and bθ * R 2 d. Hence, θ * R 1 (a) = θ * R 1 (c) and θ * R 2 (b) = θ * R 2 (d), and so h(θ * R 1 ×R 2 (a, b)) = h(θ * R 1 ×R 2 (c, d)). Therefore, h is well defined. Moreover, 2 (c, d) ).
Similarly,
and so h is a homomorphism. If h(θ * R 1 ×R 2 (a, b)) = h(θ * R 1 ×R 2 (c, d)), then aθ * R 1 c and bθ * R 2 d. By Corollary 3.11, we have θ * R 1 ×R 2 (a, b) = θ * R 1 ×R 2 (c, d). Hence, h is a one-to-one correspondence. It is clear that h is an epimorphism. Consequently, h is an isomorphism of rings.
The relation γ * was defined on a hyperring by Vougiouklis [14] . He proved that γ * is the smallest equivalence relation on a hyperring R such that R/γ * is a ring [6, 14, 15] . As a result, we have the following corollary.
Corollary 3.13. If R is a commutative ring, then θ * coincides with γ * .
Proof. According to the previous expression and Remark 3.2, the proof is complete.
